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I. INTRODUCTION
III-V compound semiconductor quantum dots (QDs) are being increasingly used in the fabrication of optoelectronic devices, 1 such as lasers 2 and detectors. 3 These devices respond to normal incidence, have the potential to operate at high temperatures and have low threshold energy. 4 Although the detectors using HgCdTe (Refs. 5 and 6) or type II strained layer super lattices (SLS) 7, 8 with materials, such as InAsSb-InSb or InAs-InGaSb, have mature and reliable technologies for long-wavelength detectors, there are still problems in epitaxial growth of HgCdTe based materials due to the presence of large interface instabilities and defect densities as observed from device performance. 9 Quantum dots are being considered as a method of advancing intersubband detectors. 10, 11 Advances in material growth technologies allowed the successful growth of self-organized QDs. [12] [13] [14] The optical transitions in these devices involve subband to subband or subband to continuum absorption. It is, therefore, of immense interest to examine the possibility of using these quantum dots for intersubband detectors. Self-assembled QDs are particularly attractive candidates for IR detection due to their intrinsic sensitivity to normal incident IR radiation owing to the three-dimensional (3D) confinement of carriers. In addition, quantum dot infrared photodetectors (QDIPs) are expected to have lower dark current. 15 However, for these devices to outperform the existing technologies, the QD structures must have a high density and a uniform size distribution.
When IR photons with energies greater than or equal to the intersubband energy spacing of the QD, interact with the quantum dots, the photons may be absorbed by exciting electrons from the ground state to an excited state or to the continuum of states above the dots. Besides doping concentration, quantum-dot size and shape also affect the absorption coefficient.
Reports on the calculation of the absorption coefficient and the effect of QD size with infinite barrier quantum boxes 16 or spherical approximation 17 and finite barrier quantum boxes 18, 19 for interband transitions are reported in the literature. However, a realistic approach for intersubband transitions considering the dot size distribution with a finite barrier approximation is not yet intensively studied. The development of a theoretical model for intersubband absorption in an ensemble of III-V quantum dots will advance the understanding of absorption process for the design of efficient QDIPs. Here, we present an analytical model to calculate the absorption peak energy and corresponding absorption coefficient for intersubband transitions for different sets of QD ensembles with different size distributions described by a Gaussian distribution. The QDs are approximated as a 3D box with finite potential at the barriers. This simple model leads us to accurate values of the dot size (height and base) to determine the absorption peaks and corresponding absorption coefficient. Theoretical calculations are verified with the reported experimental and theoretical results.
II. THEORETICAL MODEL
In the effective mass approximation, the envelope wave function for an electron or hole is
where L is the height of the quantum box, L bx and L by are the base width in the x and y directions, respectively. Integers ðl 1 ; l 2 ; l 3 Þ define the quantum numbers. 
where the subscript "carrier" in the equation is for either the (e) electron, (hh) heavy holes, or (lh) light holes with respective effective masses considered for the calculations. The superscript "states" defined as either "initial" or "final" subband energy level of the QD. The integer l i , where i ¼ 1; 2; 3:::: in Eq. (2) denotes the quantum numbers for the initial and final levels as either for (e) electrons, (hh) heavy holes, or (lh) light holes. The well strength parameter P carrier is defined as
for (e) electrons, (hh) heavy holes, or (lh) light holes depending on the effective mass considered for the calculations. W ¼ L; L bx or L by is the well width in the corresponding direction and V 0 is the depth of the well (conduction/valance band). The rest mass of the electron and effective masses of carriers (electrons or holes) are m 0 , m Ã carrier , respectively. The carrier effective mass will also be different for the conduction and valance bands.
The photon energy needed for an intersubband transitions in a QD is given by
where E final carrier and E initial carrier are final and initial subband energy states, respectively. The absorption coefficient is described as the reciprocal of the depth of penetration of the incident beam into a material, i.e., it is equal to the depth at which the energy of the incident beam has decreased/attenuated by the material to (e À1 ) of its initial value at a distance from the surface. 21 The absorption coefficient is of dimension (length
À1
). The optical absorption coefficient of a QD with height L and base lengths L bx and L by is calculated as
where gðl i Þ is the degeneracy factor 22 defined by the final energy level of the QD and A real is a constant 19 in terms of P carrier . We define the selection rule for available transitions 22 as Dl ¼ 1. The QD ground state has the quantum numbers ðl 1 ; l 2 ; l 3 Þ ¼ ð1; 1; 1Þ; the second level (first excited sate) is ðl 1 ; l 2 ; l 3 Þ ¼ ð1; 2; 1Þ or ð2; 1; 1Þ (for L bx ¼L by ) with a degeneracy 22 of 2. We define ratio of base to height as c x ¼ ð
Þ; thus Eq. (4) takes the form
The observed optical spectra from an ensemble of QDs are considered as the superposition of the contributions from each individual dot in the ensemble. Although both Gaussian and Lorentzian distribution functions are reported in the literatures, 16, 17 the experimental works 23, 24 indicate Gaussian distributions. Using a Gaussian distribution, the dot height ðLÞ can be represented as
where L avg is the average dot height of the system and S is the standard deviation. Let n be the relative standard deviation of the dot height given by
GðLÞ
Now following the equations in Refs. 18 and 19, we get the equation for absorption coefficient considering Gaussian distribution of the dot dimension and finite barrier approximation for intersubband transitions for QD as
where N is the number of roots ðL r Þ of the function E In our calculations for InAs/GaAs and InN/GaN dots, the effective masses were calculated through a linear extrapolation between the effective masses of InAs, GaAs and InN, GaN, respectively. 26, 27 The band offset ratio DEC:DEV for both sets was considered to be 55:45. and also a decrease in the absorption coefficient value with increasing dot size. It is also noted that for higher dot size, the change in the energy with changing dot size is not very significant. In Figure 1 for the InN/GaN QD, we observed the three lowest available transitions for smaller dots, whereas in case of InAs/GaAs QDs for 5 nm QD, only the transition between the first two excited states to the ground state (e2 to e1 and e3to e1) is possible, further with a standard deviation of 0.05, all the dots in the ensemble not taking part in the transitions. Details of the peak energy corresponding to their transition energy levels are given in Table I . Figure 3 shows the variation of the absorption coefficient for different standard deviations (n) from a QD samples with average dot size L avg ¼ 5 nm and L bx ¼ L by ¼ 20 nm. As seen in Figure 3 , for homogeneous dot ensemble, the absorption spectra will be much narrower keeping the peak transition energy the same.
The absorption coefficient for both conduction and valance bands with different aspect ratios c x ð¼
Þ, keeping the height of the QD constant (L avg ¼ 5nm) is plotted in Figure 4 . As seen in Figure 4 , as c y decreases (keeping L constant and increasing L by ), the absorption coefficient increases. However, this will not change the peak position.
Although in general energy levels will change with the aspect ratio (i.e., with the well width), considering only the first ðl ¼ 1Þ energy levels for 50 nm and 100 nm well widths for 1D quantum wells (QWs), the variation between 50 nm and 100 nm well width is $0.002 eV, which is negligible.
There is also recent interest in quantum dash or elongated quantum dot 28, 29 structures which have longer dimensions (than the QDs) in the range of $100 nm. The curve corresponding to c x ð¼ 5 100 Þ in Figure 4 shows the absorption coefficient for such structures. For interband transitions, the absorption peak position can change with changing aspect ratio, however in the case of intersubband transitions, the change in the peak position is negligible but can have a significant change in the absorption coefficient, as shown in Figure 4 .
The accuracy of the energy levels of a QD calculated using Eq. (2) depends on the width and the depth of the well, defined by the band offset of the QW. Energy values are of high accuracy if the energy levels are confined in the bottom of the QW, i.e., if the energy levels have energy less than half of the QW depth. In our calculation, the well widths considered vary from $5 nm to $100 nm depending upon the reported dimensions for the QDs and Qdashes, where the height varies from $5 to 20 nm and the base widths vary from $20 to 100 nm. For QD, the possible levels are ð1; 1; 1Þ, ð1; 2; 1Þ, ð1; 1; 2Þ, ð2; 1; 1Þ, ð1; 2; 2Þ, ð2; 1; 2Þ, ð2; 2; 2Þ, considering only the first two energy levels of a QW, depending upon the size of the QD (height and base of the QD). The lowest electronic level, i.e., ð1; 1; 1Þ for a QD with a height and base of 5 nm, is calculated considering a 5 nm 1D InAs/GaAs QW. This level is at 0.1576 eV, which is below the half way mark of the depth of the QW considered. Hence, for the QD with 5 nm size the lowest calculated level has high accuracy. For the 1D QW with 15 nm width and similar composition and depth, the lowest and first excited levels are at 0.0303 eV and 0.1202 eV, respectively, still below the half way mark of the QW. As the well width is increased, the levels come down and should be below the half of the well depth for same QD composition. Beyond this region, the error increases and a different approximation as suggested in Ref. 20 may be needed.
In order to further validate the model, our calculated results were compared with experimental results. 30 Zibik et al. 30 reported intersublevel absorption spectroscopy results for InAs/GaAs QDs. They reported an absorption peak at 56 meV for a sample with average height and width of $6 and $20 nm, respectively. The sample was annealed at a temperature of 800 C, causing the height and width to change to 7.65 nm and 25 nm, respectively, shifting the absorption peak position to 45 meV. The present model predicts absorption peak energies at 56 meV and 45 meV (for as grown QDs with a height of 6 nm and width of 20 nm, and annealed at 800 C with a height of 7.15 nm and width 25 nm) in accordance with the reported QD experimental values, as seen by the dashed curves in Figure 5 . The reported experimental absorption 30 value (in %) converted to absorption coefficient (in nm À1 ) is shown in Figure 5 . The full widths at half maxima of the calculated curves and absorption coefficient (in nm À1 ) are well matched with the experimental absorption curves for dot distribution with heights of 6 nm and 7.15 nm with a relative standard deviation (n) value of 0.025. The width of the dot is connected to the height with the aspect ratio. Details of the experimental and calculated results for Figure 5 are shown in Table II . The reported experimental results are also computed using 8 band k.p model. 31 A comparison between the 8 band k.p model and present model is shown in the Table II with the experimental results. The calculated results using 8 band k.p for reported as grown and annealed QD sizes, (height 6 nm and base 20 nm) and (height 7.65 nm and base 25 nm), indicate peaks at 68 meV and 53 meV, respectively, as pointed out in Figure 5 ; while our model gives the values at 56 meV and 38 meV, respectively, for those QD parameters. It is shown that the present model provides much better results with the experimental absorption peak energies than the 8 band k.p calculations.
In Table III , some reported experimental results 32, 33 verified with our theoretical model are shown. Many-body properties, such as plasmonic effect in general could affect the intersublevel transitions of QDs (Refs. 34 and 35) but in the present form, the current model cannot address those concerns and need further research. However, the close agreement of our calculated results with the experimental results indicates negligible effects for the size of the dots we have considered here, as indicated elsewhere. 34, 35 
IV. CONCLUSION
In conclusion, an analytical model is reported for the calculation of the intersubband transitions energy and absorption coefficients of different QD ensembles. Our modelling considered the QDs approximated as quantum boxes with finite potential barriers and a size distribution described by a Gaussian function. The effects of size nonuniformity on the electron and hole intersubband optical absorption spectrum of a quantum dot systems were analyzed. It was shown that the optical absorption spectrum of quantum dots depends strongly on the dot size distribution. We therefore expect to exploit, in practice, the advantages of quantum dots in different applications, such as photodetectors. Experimental results on absorption spectra agree satisfactorily with the proposed model. This agreement is very difficult to achieve with the conventional modellings where QDs are approximated with infinite potential barriers. This work serves to further the understanding of self-assembled quantum dots with the goal of improving devices considering intersubband transitions.
